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Theory of Clarifier Operation. V. A Simplified Model,
Design Aspects, and Time-Dependent Feeds

DAVID J. WILSON,* ELAINE C. GRAVES,
and KARL B. SCHNELLE, JR.

DEPARTMENTS OF CHEMISTRY AND OF ENVIRONMENTAL AND WATER RESOURCES ENGINEERING
VANDERBILT UNIVERSITY
NASHVILLE, TENNESSEE 37235

Abstract

Simplified mathematical models for slurry settling under quiescent conditions
and in two types of upflow clarifier are presented. Effective floc radius and a
coefficient in the expression for the viscosity, the only adjustable parameters,
are determined by fitting to published data on settling velocities of stirred ferric
hydroxide flocs. These parameters are then used to calculate rates of sludge
blanket rise in a reactor-clarifier operated at various flow rates. Agreement with
data on ferric hydroxide flocs is satisfactory. The responses of clarifiers of two
different designs to transient hydraulic overloads are then calculated. The
models indicate that the reactor-clarifier (fed in the middle, sludge wasted at
the bottom) performs better than a clarifier which is fed at the bottom and
from the middle of which sludge is wasted.

INTRODUCTION

We earlier proposed a theoretical model for quiescent settling and
settling in clarifiers (/—4) which was tested experimentally on suspensions
of ferric hydroxide (5, 6). The relevant theory is reviewed in the first
reference. We found that reasonable values of the model parameters per-
mitted the theory to calculate quiescent settling velocities in good agree-
ment with experiment over a range of 0.03 to 0.35 in settleable solids
volume fraction (SSVF), and that these parameters adequately described
the behavior of premixed ferric hydroxide slurries in an upflow clarifier
when the parameters were used in a mathematical model for the operation

*To whom correspondence should be addressed.
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of the device. It was found that several of the parameters did not affect
the observable results to any extent. This was fortunate, because it would
have been quite difficult to assign a priori values to these quantities.

Our mathematical models were quite elaborate, and included a rather
detailed representation of floc coagulation and disruption. As a result,
the computer programs were fairly large, substantial quantities of computer
memory were required, and running times were long. These factors limit
the use of the models for design purposes, which require variation of a
good many floc and apparatus parameters to determine the optimum
clarifier to be used in a given situation. This motivated our attempt to
develop a simplified model for settling; this should eliminate the parameters
which do not significantly affect clarifier performance, and should have
much reduced memory and computer time requirements. These constraints
dictate the elimination of a detailed mechanism for floc coagulation and
disruption. There follows the construction of such a simplified model,
its testing against quiescent settling data for Fe(OH);, and its use in the
investigation of the effects of variations in clarifier geometry and of time-
dependent influent flow rates and compositions.

ANALYSIS

We derive in detail the equations governing the operation of the upflow
sludge blanket clarifier diagrammed in Fig. 1. This device is fed at the
bottom, sludge is wasted from a horizontal plane somewhere in the middle,
and effluent is discharged at the top. Then we present the equations for
another type of clarifier which is fed in the middle, and from the bottom
of which sludge is wasted, as shown in Fig. 2. To avoid the computational

¢
' ' Q
. £ effluent
Quwaste
\P h

1Qfeed

Fic. 1. An upflow sludge blanket clarifier.
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F1G. 2. A reactor-clarifier of the type used by Graves.
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FiG. 3. Partitioning of the upflow sludge blanket clarifier into slabs for numeri-
cal integration of the conservation equations.

burden inherent in any theory which includes flocculation, we consider
a monodisperse nonflocculating precipitate.

The clarifier is partitioned into N horizontal slabs, as shown in Fig. 3.
Notation is as follows.

r, = radius of the top of the clarifier

r, = radius of the bottom of the clarifier

h = height of the clarifier
h,, = height of the sludge wasting plane

V, = volume of slab n
A, = area of the bottom of slab » and of the top of slabn — 1
Ah = slab thickness

M = index of slab containing the sludge wasting plane
N = number of horizontal slabs into which the clarifier is parti-
tioned, and the index of the top slab
Otccq = volumetric feed rate



13: 53 25 January 2011

Downl oaded At:

1432 WILSON, GRAVES, AND SCHNELLE

Oaste = volumetric sludge wasting rate
Qeffluent = Qfeed - Qwaste
¢o(t) = influent solids volume fraction
p, = density of precipitate
p; = density of water
ne = viscosity of water

n = viscosity of slurry

r == radius of a precipitate particle

u = |velocity| of a particle relative to the surrounding liquid
u

v,* = velocity of a particle at the top of the nth slab relative to the
laboratory (+ if particle is rising)
v, = velocity of a particle at the bottom of the nth slab relative to
the laboratory
¢, (1) = settleable solids volume fraction in the nth slab at time ¢

The volume of the nth slab is given by

2 3 3
_Tfre =1 ryh _ B ryh
=) (e 725) (e om 225 ] 0

The area of the bottom of the nth slab is

ry—"n

4, = n[r,, + (n = AR —h—]z @)

The influent volumetric feed rate and influent concentration we assume
are given by
Oteca = Q1 Iy >tort <t 3
= Qz, t 1 <t=< t2
CO - 001, tl > tor t2 <t (4)
=CO2, tIStStz
which permits us to investigate the effects of transient hydraulic or solids
overloads on clarifier performance.

In the interests of simplicity, we replace the rather elaborate formula
for the viscosity of the slurry which we previously used (7) by a simple
exponential containing one adjustable parameter, «:

n = fo exp (ac) &)

This permits us to calculate the |velocity| of a particle with respect to the
surrounding liquid by recursive use of Eq. (6). (See Ref. 8.)

2 1 112 034 -1
u(c)=2g(Ap)r [1 +_<pszru> + pszru] ©

i 4\ 2y 12n
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where g = 980 cm/sec?
Ap = ps — Ppa
pa = pc + p1 — ¢) = density of slurry
¢ = volume fraction solids
The velocities of the particles with respect to the laboratory are then
given by

Unl = % - u(cn—l)(l - cn—l)’ n= 2’ R M (7)

oot = Qe _ o g o a=M+1,..N @)

4,
u Qfeed
bt = 22— ()1 - @) ©
_ Qfeed - Qwaste _
= ————An =) u(c,)1 — ¢,), n=M,.,N (10)

We then write out material balance equations for the various slabs,
which yields the following results. In these equations S(v) is a unit step
function such that

S(@) =0, v<0

=1, v>0
dc
E}l = [—A4{S(v,"),"c; + S(_vzl)vzlcz} + QrecaCol/ Vi (11)
ch

ar = [Ay{S@i-)h-1m—1 + S(—va')orcr’

— Ay 1 {Spr"crr + S(— Vs DVrs 1641} — QuasteCrl/ Ve

(12)
ch
ar = [An{SWh-Ivh-1cx-1 + S(=vy"Yox'en} — Ays 1 SoxYox“enl/Vy
(13)
dc

[A {S(Un l)vn 16n-1 + S( % l)u cn}
n+1{S(vnu)vn Ca + S(_vn+ l)vn+1cn+ 1}]/Vm
n=2.,M-1,M+1 ., N~1I (14)

These equations are then integrated forward in time by means of a standard
predictor-corrector formula (9), which starts as follows:
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predictor:
d
¢, *(At) = ¢,(0) + At %(0) (15)
corrector:
At [ de, de,*
cx(A1) = ¢,(0) + 7[;(0) + (At)] (16)

The general algorithm is

predictor:
* de,
cn(t + At) = ¢t — At) + ZAtE' €2) amn
corrector:
At[d de,*
et + Af) = ¢ (t) + 7[—;’—" () + iz: ¢ + At):l (18)

One can then obtain the solids distribution in the clarifier at any time.
The sludge solids volume fraction (SSVF) is then given by

SSVF = {cp— 1 S(h- - 14p + culS(=0aYoa' Ape — S 03" Yor"Apg+ 1]

— e 1[S(—Vhes 1 Vs 14+ DI Quaste (19)
The effluent solids volume fraction (ESVF) is given by
ESVF = cyvy"S(on")An -+ 1/(Qetsiuent) (20
The influent solids flux (ISF) is given by
ISF = ¢oQreeq @n
The sludge solids flux (SSF) is
SSF = SSVF-Q,..cc 22)
The effluent solids flux (ESF) is given by
ESF = ESVF-(Qeruent) (23)

The percent solids removal as estimated from the sludge composition
(SRSC) is given by

SRSC = 100SSF/ISF 24)

The percent solids removal as estimated from the effluent composition
(SREC) is

SREC = 100[1 — (ESF/ISF)] @25)
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The position of the top of the sludge blanket as a function of time is
a matter of some interest. If the model is being operated with r, = r,
and Qpeed = Quaste = 0 and the clarifier initially filled with slurry, this
information can be used to obtain theoretical quiescent settling velocities
which can be matched to experimental settling velocity vs solids concen-
tration curves to obtain values for r (effective particle radius) and « (coeffi-
cient in the expression for the slurry viscosity). If the model is being
operated on a general case, movements of the top of the sludge blanket
can yield information on the impacts of time-dependent influent concen-
trations and feed rates. We estimate the height of the top of the sludge
blanket as follows. Find that value of »n, m, for which

Co Co

Cm 2 2 and Cm+1 < 3’ (26)
Then calculate blanket height 4, by linear interpolation as
- ¢o/2
hy = (m — 120k + Ak En=Col2) @7
Cm — Cm+1

This gives the blanket height at any time ¢ The velocity of the top of the
sludge blanket, v,, was then calculated from
_ hb(nzAt) - hb(nlAt)
Y% = ", — n)At
We next examine the modifications necessary to model the clarifier
diagrammed in Fig. 2. Changes in notation are as follows.

(28)

r, = radius of clarifier shell

r, = radius of bottom of inner cone

r, = radius of top of inner cone

h = height of clarifier, = NAh
h, = height of feed plane, = MAhA
M = index of the slab containing the feed plane

The area of the bottom of the nth slab is given by
A, =nr?, lsnsM
= n(r,2 — R}, M+1<n<N (29)
where

N+1—n> 30)

Rn=rt+(rb—rt)< N-M

The volume of the sth slab is given by
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2Ah, l<n<M

=7T[ _—(R2+RRn+1+Rn+l)]Ah M+1<ns<N (3l

The velocities of the particles with respect to the laboratory are given by

vnl = —_Q—}f.s—ts - u(cn—-l)(l - Cn—l), n= 25 e M (32)
< Qe ” Qume o 1), m=MA LN (Y
u o__ Qwaste -
ot = —ulc)l —¢c), n=1.,M-1 (34
n+1
= &e_ed_[;ﬂ% — u(e X1 — c,), n=M,.,N (35)
n+1

where u(c) is given by Eq. (6).
The material balance equations for the individual slabs are as follows.

dl
T = A, (0", + S(=0,005'05) — QuasieCil/ Vi (36)

dc
O e AW SOl - 101 + S(= v o'

— Ay 1 {S@rr Crs + S(=Vhes Wher 1Cm+1} + OreeaCol/ Vu

€Q))
de n uy,,
_tI! = [Ay{S@p"- Jon" - 16x-1 + S(—vyvy'en} — Ay SO IoN"exl/Vy
(3%
dc ;
[A {S(vn —l)vn lcn 1 + S( U )U C}
— A, {8, %, + S(_Un+ 1)Un+ 16+ 131 Va
n=2,.M-1,M+1, ., N—-1 (39)

These equations can then be integrated by the predictor-corrector method.
The sludge solids volume fraction is given by

SSVF = ¢, (40)

and the effluent solids volume fraction by Eq. (20). ISF, SSF, ESF,
SRSC, and SREC are given by Eqs. (21)-(25).
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RESULTS

Before the model can be used, we must assign values to the parameters
describing the floc. The theory contains three such parameters: the floc
density p,, the floc particle effective radius r, and the coefficient « in Eq.
(5) for the slurry viscosity. We attempt to fit the model to Graves’ data
on stirred ferric hydroxide flocs (3, 6). We accept her calculation of p,
from the density of geothite (FeOOH) and the volume of settled floc pro-
duced; she estimated p, = 1.0079 g/cm?® relative to p, = 1.0000 g/cm>.
This leaves us with two parameters,  and «, to be chosen. We select r to
yield quiescent settling velocities at low solids concentration (¢, = 0.05)
in agreement with experiment. Then we select « to yield quiescent settling
velocities at high solids concentration (¢, = 0.30) in agreement with
experiment. The quiescent settling velocity at low ¢, is relatively insensitive
to a but quite sensitive to r, while the quiescent settling velocity at rela-
tively large ¢, is strongly dependent on both « and r. Convergence to a
satisfactory fit is rapid ; we started with r = 0.025 cm and « = 10, and four
pairs of runs (at ¢, = 0.05 and 0.30) led to the results shown in Fig. 4.
The curves bracket Graves’ data for stirred Fe(OH), flocs precipitated
from ferric sulfate with NaOH or Ca(OH), at pH 6 or 10. The points are
computed quiescent settling velocities obtained with the values of r and «
indicated. The fit is slightly better than we obtained with our earlier,
much more elaborate model, which lends support to the choice of the
simple exponential dependence of slurry viscosity on volume fraction
solids.

8 { cm/sec
O
Vs
05}
0 020 30
Volume fraction

solids

FiG. 4. Fit of the simple theory to Graves’ quiescent settling velocity data.

The two solid curves bracket her data on the settling of stirred Fe(OH); flocs

prepared from Fe,(SO,); and Ca(OH), or NaOH at pH’s of 6 and 10. (&)

Theoretical quiescent settling velocities with a = 13.0, r = 0.037cm, p; =

1.0079 g/cm3, p; 1.0000 g/cm?3, h = 30cm, r, = r, = 10cm,N= 30, Qreeca =

Quwaste = 0, 70 = 0.01 poise. (®) Theoretical quiescent settling velocities with
o« = 12.0, r = 0.035 cm, other parameters as above.
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Figures 5-8 show the time dependence of the solids distributions in the
quiescent settling simulations. At low solids concentrations the slurry-
supernate interface is found to be more diffuse than at high solids concen-
trations, as was observed by Graves (5). The model also roughly simulates
slow compaction at the bottom of the column, as shown particularly clearly
in Fig. 5 and also in Fig. 9, in which the height of the slurry—supernate
interface is plotted as a function of time for various initial concentrations
of solids.

Graves determined the rate of rise or fall of the top of the sludge blanket

30

20

FiG. 5. Quiescent settling profiles at various times during settling. a = 13.0,
r =0.037cm, ps = 1.0079 g/cm3, p, = 1.0000 g/cm?®, h =30cm, r, =r, =
10cm, N =30, QOrcca = Quaste =0, 70 = 0.01 poise, ¢o = 0.05.

FiG. 6. Quiescent settling profiles at various times during settling. ¢, = 0.10,
other parameters as in Fig. 5.
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30

20

Fic. 7. Quiescent settling profiles at various times during settling. ¢; = 0.15,
other parameters as in Fig. 5.

30 -JN\IOOsec

20

FI1G. 8. Quiescent settling profiles at various times during settling. ¢, = 0.20,
other parameters as in Fig. 5.

in an upflow clarifier of the type diagrammed in Fig. 2. She used ferric
hydroxide flocs prepared by the same procedure as was used for making
the flocs used in the quiescent settling tests. In Fig. 10 her experimental
results are compared with our calculated rates of blanket rise. We used
the parameters found to fit the quiescent settling data and the physical
dimensions of her clarifier in these calculations. The agreement is reason-
ably good except at Qy..q = 126.7 cm/sec, at which the experimental point
appears to be out of line with both the calculated point and the other
experimental points.

Volumetric flow rates to clarifiers frequently show large variations with
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FiG. 9. Position of the top of the sludge blanket during quiescent settling as
a function of time. cq as indicated, other parameters as in Fig. 5.

.08 ( cmAec
o
04} a
Vb 8
4
of 2
0 20 80 20 mikec

Qfeed

Fic. 10. Plot of blanket rise velocity as a function of Qgecq in Graves' reactor-
clarifier. r. = 22.6,r, = 5.1, rp, = 12.7, h = 121.9, hreea= 30.5 cm, Quaste = 0,
other parameters as in Fig, 5.

time. If the duration and flow rate of such a slug are not too large, the
clarifier may well be able to cope with it without excessive discharge of
solids even if a steady-state analysis indicates that the clarifier would be
overloaded at the flow rate of the slug. The upper portion of the clarifier
(that volume between the top of the sludge blanket and the top of the
clarifier) acts as a buffer to permit the clarifier to absorb shock loads.
This is illustrated in Fig. 11, in which the clarifier’s ability to deal with
overloads of various magnitudes and 1000 sec duration is examined. In
these runs the sludge waste flow rate was held constant. The dimensions of
the clarifier and the floc characteristics were those pertaining to Graves’
clarifier and well-mixed ferric hydroxide. One can approximately estimate
the time interval © during which the clarifier can tolerate an overload feed
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FiG. 11. Effect of shock hydraulic loadings on a reactor-clarifier. The height
of the sludge blanket is plotted as a function of time for the clarifier described
in Fig. 10. #; = 500 sec, f, = 1500 sec, co = 0.10; Q(r <ty or t > 1) =
50 cm®/sec; Q(¢, < ;) = 100, 150, 200, and 250 cm?/sec (Curves 1 through 4,
respectively). Quasie = 20 cm3/sec, other parameters as in Fig. 10.

rate Q's..q; it is given by
h = h0) _
vb(Qt"eed)

where h,(0) is the position of the top of the sludge blanket at the start of
the overload, v,(Q';..q) is the rise velocity of the top of the blanket for a
feed rate Q'r..q, and 4 is the height of the clarifier. We assume that Q.
is being held constant.

The slopes of the plots of 4,(1) between ¢ = 1500 and 2000 sec (after
the feed rate has dropped back to its “normal’ value) give us a measure of
the rate at which the clarifier recovers from the slug of influent. The more
rapidly the plots decrease with increasing ¢ in this region, the more quickly
does the clarifier recover and become able to accept another slug without
a high probability of solids escaping in the effluent. The capacity of a
clarifier to treat a slug of influent and the rate of its recovery require models
capable of handling time-dependent feeds. At the highest flow rate
(Qteea = 250 mL/sec, the biggest slug), solids break through into the
effluent. This is shown in Fig. 11. The area under the curve ESVF is
proportional to the mass of solids discharged in the effluent during the
stug,

T (41)

Meffluent = j(Qfeed - Qwaste)ESVF(t) dt

= (et — Ouesr) jESVFa) dt )
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FiG. 12. Effect of shock hydraulic loadings on an upflow sludge blanket

clarifier. The height of the sludge blanket is plotted as a function of time for a

clarifier of the type sketched in Fig. 1, and the overall dimensions are identical

to those of the reactor-clarifier described in Figs. 10and 11.r, = r, = 22.6,h =

121.9, Ayagee = 30.5cm, Quaste = 20 cm®/sec, other parameters as in Figs. 5
and 10.

if solids are discharged in the effluent only during the period of excessive
flow rate.

In Fig. 12 we see plots of A,(¢) for a clarifier of the type illustrated in
Fig. 1. The dimensions of this clarifier are identical to those of the clarifier
modeled to yield the data shown in Fig. 11, except that the inner cone is
absent, influent is delivered to the bottom of the clarifier, and sludge is
discharged at a height of 30.5 cm. This clarifier was simulated with exactly
the same floc and flow rates as the clarifier of Fig. 11. The “normal” flow
rate was taken as 50 mL/sec, and 1000-sec slugs of 100, 150, 200, and
250 mL/sec were applied between ¢ = 500 and 1500 sec. This clarifier does
not perform as well as the reactor-clarifier. Its rate of recovery after
receiving an overload is roughly half as fast as that of the reactor-clarifier,
and the largest overload pulse causes it to discharge about 37 9, more solids
in the effluent than does the reactor-clarifier.

Each of the runs plotted in Figs. 11 and 12 required about 170 sec of
time on an XDS Sigma 7 computer. The model is evidently sufficiently
frugal of computer time to permit its use for routine design calculations.
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